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?*ﬁ Particular attention has been devoted in recent years
gf%; _— to the 1nvest1gat10n of the course of evenis in vehlcle col~
i --.:,: 1' -:T'.*
Ty - lisions, the two chief con51derat10ns being passenger safety

‘ and the establishment of sc1ent1flc bases for leval proceedw
1ngs. Developments 1n technlque - especzally for the latter

purpose - are rev1ewed.1n_thls artlcle.
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1. Model Concepts

The collision between vehicles does not éorrespond to ir
simple, scholastic conoepts of the laws of impaet, which are
mostly linked with the model of ivory billiard balls. The
éollision between such balls is (a) practically completely
elasticj it occurs (b) without permanent deformations and

according to a defined law of elasticity; in the 1mpact {(e)

| the duratlon of compression is exuraordlnarily short and (d)

practlcally no side forces are present before and after the

impact. Finally (e) a picture of the collision of two spheres

-

cannot completely 111ustrate the progress of a collision in

_Whlch both bodies, which may be relnforced in several ways,

suffer an eccentrlc impact.
The colllslon between vehlcles dlffers in all these res-

[PREN

pects from the model concept Just described. In vehlcle
00111$1ons the 1mpact is (a) only very 1mcompletely elastlc

and at higher gpeeds almomt completely inelastic; the coefflc—
ient of restitution k varies with the impact ve1001ty and the

design of the vehlcle (v). In almost every case permanent

 deformat1on and destructlon of parts occurs; the relatlonshlp

etween force and collapge is unsteadv, since in the course

'  'of the 00111510n dlfferent parts of the vehlcle whlch are of

'unequal elastlclty, rlgldlty and deformatlon strength are suc-

'c9331ve1y deformed or: destroyed The duration of 1mpa¢t_(c)
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jg several times greater in a non-meshing ("grazing") collisi
than in the limiting cases of the straight centred impzet or
of the head-on collision with meshing together of the two
vehicles, so that the movements of the colliding structures
which occur while the impact forces are effectiﬁe can no long:
be simply neglected.

The applicability of the theorem of (linear) momentum is

limited since (d) before and especinlly after the collision
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- considerable forces can occur between tyre and roédway, these
'g forces being influenced by the adhesiveness bf the tyré on the
. ; - | roéd surface, the tyre tread, steer angle, braking or 1ock1ng
?f -~ o of the wheels, and defecta 1n tyres or in the wheel suspensior
"ﬁg Jf ;"  VThe momentum theorem is, however, only valid on the assunptior
%h%": - ' of freely moving ﬁédies uninfluenced by:éxtérnai fp?ces.

] 1 ’ ' ‘ V Finally {(e) the generél case of an obligue eccentric impact
for both vehicles very frequently-occurs; and thié canhof be
reproduced by the model emplcyingrspheres. It thefefore.
necessitates expansion of the equation with the aid of theehi
theorem of angulér momentuﬁ.- |

2. Problems and Methods

For the evaluatlon of safety pr0v151ons (e.gs safety—

belts) the chlef p01nt of 1nterest is the tlme-pattern of dece

eratlans of ‘the vehlcle and of 1ts occupant for the determin-

ation of whlch the complete_pattern of movement must be lmewn
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in the greatest poscible detail. In rozd censiructicn the
attempt has sometimes been mude t6 establish a numerical
value for the degree of danger existing at interscctions be-
tween roads of eju:l importance and at acute-angled junctiors
This 18 linked with the angle of imp=ct and the deformaticns
occﬁrring. Thes= considerati?ns also can be verified with th:
aid of the findiﬁgs meanwhile obtained, as is brought out in
greatér detail in Section 4;

| In the case of the oblique eécentric impact dealt_With ir
Séction 3.2 the rotational movements induced obey the ?heorem
cf angular momentum. Ih the'speéial case of the "meshed" or
fﬁll'impactf thelcommon speed of the two véhicies occurring at
thé‘péint_of impacf at fhe énd of the compression process can
be introduced &s an additional condition; this permits the
determination of the direétion of fhe impact force in Section
3.2.24 |

. In the general case, when the impact forcesdcease t0 -

operate, each of the two vehicles of mass m has a velocity

of centre of gravzty Vg B and an angular velocity ¢y’ about th

vertlcal ax1s passing thrOLgh the centre of grav1ty of the

vehlcle w1th the moment of 1nert1a d, and a correspondlng

'r831dual energy of the magnltude'

E\_ - YnV‘a' ’ Jw"-
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v terms'ﬁarkéd thus aréllitéfélirendérings
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The corresponding values at the beginning of impact can
be derived from the velccities v¢  and w' immediately afte:
impact. These values azre of the highest importance for the
expert; The inférmation available 4o him for their determin~
ation in photographs of the accident, hoWever, generally'
consists only of the position of imp=zct, the final position
of resﬁ.of the vehicles, and possible tyre tracks. The exper:
therefore has the task first of all of determining the velocit
ieé v and the angular velocities w' - of the_vehicles involt
from the path followed by the centre of gravity betweeh these
two positions, if it cén be regarded as approximately recti—
linear, and from the rotation of the 1ongitudina1 axes.which
has occurred on tﬁis path.  The laws c¢f iﬁpact are no longer
applicable to those events oceurring aftér impact. Rather muc
he proceed as shown in Sectlon 5, from an energy. balance or
dlrectly from the Newtonlan law. B

As regards the methods of calculation and their applic~
ation espe01ally in legal cases, economic conalderatlonq must
be taken into zccount; the time expended and the costs of
obtalnlng expert oplnlon must bear a reasonable relatlonship
té thé vélue of the cléiﬁ; techniques must therefore be devell

ed which are rellable and yet as rapid as posnlble. Bearing
these p01nts in mind, we shall collate in the following secti

those 1nd1v1dua1 flndlngs of various authors which have contr
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uted or can contribute to the betier understanding of these
problems, Owing to limitations of spuce the trestment of
each is necessarily brief; for the complete argument,refererce
must sometimes be mnde to the original works quoted as refer-

ericesS.

3, Use of the mom:ntum theorem and of the theorem of angular
momentumn

S : " LI
i 2 3.1. True-centred impach (centric impactff

The use of the momentum theorem for the investigation

; of véhicle accidents gbes back to the véluable wofk carried
L . _'f'. out by Brilderlin [1] The eguations presented by him'
f. N - [ - admlttedly also contain the theorem of angular momentum, but
?‘ N ;, 'Without consistent evaluation of the possibilities contained
:i therein. Rathef'does his introduction of.the concept of
ﬂgi :. | "yirtual end—veloczty“, ‘which is vague in definition and not
% entirely correct in derivation, brlnp the treatment of the
'% eccentric impzct back to the true—centred impact. ~ Losagk's
& : |

"yector diagram of forces" proceeds from the outset from

Briiderlinfs work. Both methods are accordingly to be consider

i T
)

¢ ed under the headihg "Prue-centred impact.?
If one 1maglnes a system of two p01nt masses whlch are
movzng towards each other freely 1n a straight llne and at a

« L constant speed at any glven moment, then the 1mag1n¢ry centre

-

of grav1ty of the system 11es at any glven moment on the 11ne

B m e Y b AR T T S Sty S e _ 3 Yo, T kU i TR — Ea !
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oonuecting the twe simultaneous loei of the point massesg; it
divides the line in inverse ratio to the inilividuz) masses,
If only internal forces are effective during the collizsion,
the mom2ntum of the system is preserved according to the rem-

entun theorem. WVe thérefore have the ejuation

A A .
mivi + mavy = {my 4 molvg = mi'vy' 4 my vy |

_Where Vg 1s the velocity of the imaginary centre of Travity

of the aystbm. The vector equation is so far valldgirrespeotz

of whether the impact follows an elastic or inelastic pattern.

Its range of validity is however‘restricte? to a period during
wnich it can be safely assumed thét the external adhesive, sid
an brake forces are négiigibly small as opposed %o the_inter-
nol impact forces. 1In tﬁe'oblique centriec collision the direc
ion and magnitude of the respeotive velocities directlyvafter

1mpact depend essentially on the coefflclent of elastlolty,

which is charaoterlsed by means of the coefficient of restit—
ution K: for a completely elastic impzct k=13 for a complete
inelastic impact k = 0,

This mey be clearly demonstrated by means of the simple

example of the right—éngied impact of two point masses of

'edual magnitude‘and eéual'impact velocity. Under these assump~

tions, the dlrectlons of velocnty are obviously interchanged
in the case of a completely elastlc 1mpact, while the magnitud:

of the v91001tles remains unchanged. In the completely R

S S
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jpelastic impz:ct, on the other hand, the two bcdies proceed
in the direction Vq with the velocity V'= V/VZ. as show
in Fig. 1a, While no loss of energy occurs with the complete.
elastic impnct, the total residual energcy in the case of the

completely inelastic impnct becomes

' ‘ {m1 + ma) v my vy? + myve? mv?
; - =

| E= /. 7 =

'Thls is half of the orlglnal total erergy Eo = mv2. The othe:

half has been converted to deformutlon onergy.
It is 1mmed1ate1y obvmous that the post impact ve1001t1ef

in partly elastic colllslons can be represented accordlng to

_ Fig. 10._ Eberan-Eberhorst {A].deals with this subgect in

detail and preéents the equaﬁions

e

- . Ty — ng) v) €os a'+ 1+ K rﬁg vy cos ':_

Ty cosa =
. my -+ m2 ‘
{m z~km‘)v;cosﬁ+(1+k)m|v|cosa N
£ v; cosﬂ = N
m;+mg

J
I

; v; sma=v; sina; vy smﬂ——\rqsmﬁ

The meanings of the térmé ﬁéed_ih these equations are as

follows: | |
X = angle'i_betwe.e'nj1 and impact normal 1800 B
A = angle_betweenhv'  and impact normal

LV BRe

e3¢ s et - oy T T s
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Oblique eccentric colllslon
between two vehicles
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Pig, 3 Oblique "meshed" collis-
' ion with different impac
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angle betreer v, and inract normal

it

angle boeteen v, and impact ncrmal

ﬁl
In this work, Eberan~Eberhorst has determined by evaluat
of American crash tests the coefficients of restitution K

oceurring in straight centred collisions betwveen a heavy moviy

passenger car and a similar moving or stationary car (G ~1,60(

kgf.) as a function of the relative velocity Ve Under the

conditions indicated,the coefficient of restitution Xk is —1

in non-violent impscts; it decreases even at Vyp = 40.km./hr,
to values of about k= 0.2, at higher speeds fhe imﬁadt become
alﬁost completely inelastiec (1:*;0). Accq;dingly, thé‘con-
sideration of partial elasticity in tﬁe case of more violent

impacts represents a secondary refinement of the investigatiocr

‘.which can usually be omitted in favour of the more convenient

agssumption of an ihelastic impact in fiéw of the generai un,
certainty of specialisf calculation. |

If one can reguard the post-impzct path of tw@Jthiclés
as Being approkimately rectilinear and uninfluenced by extefne
forces, and no essential rotational movement has occﬁrred, the

direction of velocities immediately after the impaet is given

approximately. In this ¢asé, the wector diagram of foréés_

can be completed by the other data which may be available,
On this occasion the éoeffiéient of elasticity automatically

enters into the equation;'sihée_it determines the direction of
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post-impuct velocities.

Generally, howcver, the conditicns are not so favourable
Collisions occur in which both vehicles suffer eccentric
impact and considerable spin. GSide forces are brought inte
élay by wheel-lock, unequzl braking, and damage to individual
tyres or wheel suspensions which have a marked effcet on the
post-impact path and its direction ond thus make this method
unreliable. The mode of investigation must thercfore be in-

proved and completed in two respects - firstly, with regard

to the rotational movements in an eccentric impzct (angular
momenta) and, secondly, in respect of movements occurring

during run-out until the vehicles' final position of rest is

feached. The first of these two reguirements leads to the us

ofrthe theorem of angular momentum in Section 3}2.; the secon

ﬁﬁst be solved in a completely different manner in Section 5,

.2« Eccentric impzct

3
3.2.1. General Case, collision without meshing together ¢f th
vehicles ("arazing collision®).®

Fig., 2 shows a diagrammatic representation of an instent
aneous situation during an obligue eccentric collision., The
instantaneous force P working at the point of impact is mean-

while of unknown magnitudé and direction. If it is resolved

into the components ing'and i-Py, and the velocities of the

centres of gravity of the two vehicles are similarly resolved
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into the components vy and Vy , the merentum theorem acccere

ing to Newtonian law for a sheri time interval 4t is

P, dt = mi dvar = madve .
Pydt = midvyy = mpdvya.

and the theorem of angular momentum is

. Midt= (P e—Pir)dt = Sy doy
C MedtE Py Parp)dt = Jydawg <1

' L] " .
If during a non-meshing collision the point of impact

of one or both vehicles moves, or if the effects of the impac

forces persist for so long that the positions of the vehicles

alter during the process, sumnary application of the moméntum
theorem and of the theroem of angular momentum to the whole

impact event is no longer p0851b1e. It can nevertheless be
shown '[5] that under certain suppositions the typical patter
of such an impzct con be simulated step by step if_one regard

the components of force Px and Py as constant over very sho

interv:ls of time At . The valicé equations for each step

are then

P Cem by Y e ‘ = 4
. fh:_ ‘\(le’o‘ o Atl etc. O’nd, '_.a_u_‘ ‘{(-*’l}of 5 Af‘ ete.

e g gy 4 e e T et . o b R S i AT A e Tl T
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The components of velocity at the point of impact are

then of the magnitude

{V:)I =vixd oy (V.)p = v t o 2y

': ‘Vr)l ':‘Vlvr + o Fiu; (Vv)i’ = Wiy + U1 Moy

The relative movements and the changes in compression respect-

ively at the incident point of impact then work out ats:

L x=[twh—{wk J4  ond y = | twh— e |4t \

L

In order to carry out such calculations, however,

further suppdsitions are necessary. A force~compressicn law

Py =f; (%) and Py = £, (y) must be assumed and an assumptic

must be made regarding the relative‘softhess of the two vehicl

at the point of impﬁct, e.g., ‘the body~compression distances
of the two vehicles are takén to be half (equally’ softs or
in scme other specific ratio. The variation of the lever arm:
ry and ry must aiso be decided on. The coefficient‘of'-i
elasticity can also be takeh into account by means of the |
fofcefcbmpression function,

| AIphysically'weliwfounééd analysis of such cases which
were noﬁ previéuély éméhabie té calculétion thus apears
basically feasible; thé Wkaing specialist could not be expect

1
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to undertake the amount of work involved. Such investigations

“TE? * : must rather remain the province of the research worker. The

assumptions postulated still lack thzat practical confirmaticr

. ; which could be obtained by analysis of a very large number of
. '; collisions the course of which was reliably known.

. - Y 'y . . *

- %.2.2., MNeshed or full impact

The calculation of oblique eccentric impacts is immeasur
ably simpler, if one can assume that the duration of impact i
'very short, the point of impact is invariable, and the impzact

itself is inelastic, The impulse theorem and the theorem of

"

angular momentum can then be applied to the whole of the com~

pression event. Moreover, at the moment of maximum compressi

. 'é'speed u, which is common to both vehicles, develops at the
L%-- -.1 “ point of impact, gnd‘this.value.u czn be introduced to the
f‘iﬁl éalculation as a further condi%idn. It canlthen be expressed
% '_ ‘ in the form employed in the previous section, as .

L=y tor = va' oy

U=viy Tormn=vy todr

When the direbtionlof the impact impulse JPdt is know

. ) N ce . Y
.. approximately, a predominantly graphic procedure can be follo
R ed in many cases, and the vector diagram of velocities can be

constructed in-aaditioh tq,the vector diagram of forces; if,
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for example, the masses and velocities of the colliding
vehicles are very similar, there is very little difference
. 3 between the direction of the impacet impulse and the direction
of relative velocity during impzct, especially in the case of
a right-angled collision. 1If one of the vehicles does not
; undergo any spin after impnct, the direction of the impact
_impulse would pass througﬁ its centre of gravity. When the
values involved in the calculation are only partly knovm, tai:
gfaphié method permits a variation of these values with only
a small expenditure of fime and_thus enablesoa general impres-

i
+

. - sion to be obtained.

Under the conditions indicated (meshed impact, short
dﬁration of impact, invariable direction of the impzct impulse
the direction of the impact impulse can be calculated exactly.

The solution is indicated vectorielly by Slibar [7] in the

following form .

) for vehicle 1 Cme—mw =@ |
SRR nomentum theorem ‘ N _ e
oo ' | for vehicle 2 m—mn=—& |
. : : : for vehicle 1 _mitm'=nXe
R theorem of angular momentum , e
T . : - . : o . for vehicle 2 m:h"ﬂz"“—“l’zxfﬁ

Generally, the v31001ty at the point of 1mpact when the

Lt

max1mum compr8551on 1s occurrlng has the followlnv VJlues.

for vehicle l: “f::'+”‘x";m;:nl

. for vehicle 23 “2—”?F“=x'2;in.ix

o —
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B In the case of the exact full impact these two velocitie:
A
r%% = are eyual to one unother: in the completely inelastic impac
L . (k = 0) they correspcnd to the common velocity at the point o
& : .
) impact directly after the cessation of thz force-effects, and
g we thus have
- 3 -
F ; i \ , :
3; : 1 , T N T T P P 7 ‘;
ox
F’f,,_:: _
: ;; If one writes all the e,uations as component eguations i:
F'% L. " the rectangular coordinate system, the components of the impa«
) impulse result through evaluation as
r A e
: ' l‘ e Yaix T VI \
L\'" . ‘ﬂ‘ [Pedt=S§,= “‘_.._.Wﬂvm o o \
. \ ) ': . L Loxvae tayvay f
R 3;!;2 . . i IP,deS,~— "ln;—-—:_*;—?—— i!
’ - S Y e
b .
ke .
E' o using the abbreviations e
= |
{ ;i% ) i 1 1 Tix r?xz
P < | T T T Tm 3 g
s , 'i 1 2 1 L2 i
- o1 n? o Y
- v~ my + mj; + R ' Ja
Y Fix My Tax T2y
e b TR LT TR
L]
and the relative velocity
m e e = e - P '1
Ve = Y Vixg Vﬂv:V?Y_Y!V_ |
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The methods presented in this section are especially
applicable to the investigation of approximately right-angled
impacts. Before using them it is ndvisable to determine fror
an inspection of the damaged vehicles themselves or from filr
thereof whether in fact a meshing, full imp-ct has OCCﬁrred.

4. Danrcer coefficient of road junctions

In road constructiion the attempt has quite often been

made to state a numerical value for the danger rate of right-

angled and obligue-angled junctions; this depends essentially

on the angle of impact of the venhicles in collisions. Probab:

the most recent work on this subject, by Kunne [8] s proce:

eds from the deformation energy {= loss of kinetic energy)
in the case of a straight, "central" inelastic collision with
mi msz (V; WIVQ)Q . :

% b= W]

b my + my

and replaces the expression vy o=V, by the vectorial relative

velocity v, 2 v, = Vp during impact. With the aid

of the derivations presehted above the validity of this

,summary'equation may be evaluated, at least within a range

in which a "meshed" impact may be expected, There is a
multipiicity of possibiiities.during the impact; only one

example, Fig. 5, is thefefore‘taken as an illustration, with

e e A it o, e i A 7. e Wik & ! S 8 g el 1 £ . s A A o - M e o T b ——
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. equ~l vehicle masses my = m, = m ani equal initial velocit-
ies V4 = V, = V; the point of ircpact will always lie in the

point O for all the different impact angles 0° <ot < 90°,

E

. N | One then obtains for example, according to the equations

s -]

: - given in Secticn 3.2.2., with

vii = fv; + vacosalt + [vzsinal? = [viy + v + [viy + vl {

i'| = i2'~= i; LA B A= Cl’/iz; ﬁ = b"O,‘ b/ V;«’V .

g
the velocities v' and the angular velocities ' directly afte:
u impact from , N
"’ﬁ ‘
1l
ﬁ -
: . * I Som= m (Vie—vin) = my {Vznwvz:')
. ® . P ) ) ! SY = M {V‘Y—VIY') = My (V;,———v;y']
‘T‘ . . ' : i By’ = S riu—S.riy; J2e7 =S, roy— S, ray
— The components of the impact impulse are
e f ‘?+1 +2cos_n(l+1)+—:;_ cosPa + 2 fising
is‘"””‘"” A1 ¥ T A fsina—p cos )
1 ! ;_sshza+l—gn+ﬂs;nu}+zﬁcosw(z+z)'sina -
A - . " : :
C Es"""**'“"”_ AR+ A+ EEna—fcosaf B :
The total energy before the impact amounted to
» .
- ‘ . P —— .- - - - - .
- : Coe ’ ' : ‘ i N : ©omyv? F mgvy? . .
‘ - . ) : S L E; + E2 .w o)

and the total residual energy after the impact was

. . ) --:I.‘--_ . - .2
mvit 4 mave? | St Jaan I

S S ———
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The enercy converted into defcrmaticn work in the case

of the assvmed meshed dnelastic impact 1s accordingly

CE— (fy b Eo) e (B Er ' 2

In the example worked out in Figs., 3, 4 and 5 it is

assumed thaot

a = 2,24 n, n =1lor?2 -
b = 0.87 m. = 0.388
i = 1.3%5 m. A = 2.75
.- ‘ | There thus result, as a function of the impact angle <
v v the relative components of the impact impetus Sx /mv and Sy /:

/; aécording to Fig. 4 and the relative residual energy (E3f+ Eé
2

e mv- in accordance with Filg. 5, In Fig. 5b the energy values

are plotted in the dirsction of the applicable imﬁact angle,

E'%‘ although they are of ccurse non-directional scalar values.,
i"%; The right-angled impoct in the middle of the struck vehicle

E “2 ." h is also shown in Fig. 5 for purposes of comparison.

ﬁ%? T With the assumed width of the impact area (half the wigt!
R EE '

of the vehicle) and within the range of impact angles conside

ed,a full impact can be expected to occur. Under this assump-
tion the deformation‘énergy and hence the danger rate is cons:

erably less then in Kﬁnnéfs equation when the angle of impact

I T SR— ey B L A o T e SR T ' e s




P SO T " — “r
"t ® b Ot Wln e
F ¥ v
. A - —
) . , 1
' = .""" / ,';'r'
. - e Fs
. » ¥ Y I /....4 |/~
TN 4 - "J'v' t':"
g v i [
- o 2]
e Eg ™ I L] R e / /
B e o / |
e !
2% - / /
a8 . o DR
o i =5 / o d 4 itod
=t L 2 N | H %
o L oy T L
! E Tm{\ad Angle © &*
i '
i l £ 4y -
Ck b i ¢7] i . ]
-j'l ettt e o el {
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Pig. 5a and b Residual energy and
deformaticn work in
Fig, 3
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energy on the post-impzact p vth leading

approuche:s QUO. Thic only Gy, dien toou o el nioes Sl
by the collinien.  Th Turge Lpount of o rosilead eroy opercic
ing in ayproxiictely 907 collisitre oon &) to considorni.o
additionnl duncore 1L bhe vehicles proscocd dn an uncontroliad
jircction 2fter the Juy“ct and pest further obstooles,

5, Post—-inrnet pnth

Tirectly nfter the eccentric iupact coch of thet venicle:

involvad has a velocity of centre ol sravity ¥v_ anc an anguls
=

o

velocity W around the centre of gruvity,and a re;idual_éhergg

of nwgl/? + Jw® /2. This latter is cherzed into reaistance

1

te thz finsl positicn

of res t. The expert on accidents is interestsd in the veloci

'3

ies before impact; in suitable cases these ecan be czlculated
with the aid of the pro"eour 5 %1c‘t 4 from the VPlOCltj
anid an: ulﬁr VOlOCluj di ractly alter impact, for ”h"ch howevez

amart from tyre tracks, only the actua 11 posziticn of the 00711<

ion and the resting pooltlon of the vehicles arn'renerallj

known. It therefore becomes necessary tc deterzine the

vehicle spead and ancular velceity at tae beoeginning of run-oud

from the post-impact path s of the centre of gravity, whiech ic

the

longitudinal axis of the vehlcle Amu

'Acéepf ble uolutlonc huve not vet been obtainedf Such‘

solutions con howéver'be aDDroached throuzh investigation_Of




Wamodeldl cazeg" wherobr one vreceeds iritially from knem valus:

for vy and w , ond c:leslutes the metien of the vehicles until

the final stale ol rost under certain assumptions, principallix

in respect of the reict. nce forces ("forwzrd calculaticn™),

After severnl exnmrples have been worked out, approximaticns co

be develcoped for "backward colculatien'. _Two model cases have

sg far proved suitable for this work, both of which proceed

from the simplifying azssumption of a symmetrical venicle with

cdtas wheels directed

straight ahead and with intact tvres: the

fourwheeled vehicle can in this case be replaced by a two-
wheeled vehicle without any great inaccuracgy.

In the first model ¢sse the rolling resistznce in the

direction of the track of the wheel planes_is aszsumed to be

zero; the slip registance transverse to the wheel-plene is

Assumed fo be constant and always direscted agasinzt the correse

bonding comporient of veloecity., Thege assumptions correspond

more or less to the unbraked post~impact run-out. In the secor

nodel case, locked, braked wheels gre presupposed, under the

assumption that the contact-area of the tyre then opposes an

equally great resistance to movement in an pzrticular direct~
q

ion, the resicsting force remains constant on each wheel and is

———

always assumed to be directed zgainst, the direction of absolute
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veloeity at the point of

the calculntion ¢f swch cases it i1s further assumed thzt the

rond surface is level 2nd 1its adnesicen is constant.

5.1 First ﬁodnllcasnz unbraked run-out

Turing run-out, two different phases of motion which can
fepeat themselves several times can be disztinguished. In the
first phase, TFig. 6a, the abaolute vrlocities

) . A . i
V1= v, + wr and Vi =¥, wt i

of the road contact peints are in the forward directicon; the

constant resistance forces S/2, which are directed transverse.

-

to the #heel plane, thus act in the same direction at both
contact points. No resisting torque occurs. The ejuations f¢

the components bf deceleration are:

v

%= S Gnas  §=——cosa ?
x—--.-r—n—sma, y p= R
. ! i
. c'i=-—r~"l:~‘-—u-0; a = wg; @ = g + et P
- Thus in this phase only the sliding movement is braked, the

angular velocity remalning unaltered.

If during rotation a position arises, however, as shown -

Fig. 6b where the component obliqﬁe to the wheel is directed

backwards by V, , then the resistance forces point in opposed

i directions, as might be assumed. Their x~- and y—components
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cancel out, co thnt the 31iding movoment ncw proceeds unbrai:o
the rotaticrnl mevormt, aowever, is traved bty rneans c? the

resisting momont Sr.  For this phnse the valid eguations are

accordingly

—

M ' __»' Srf _ ' S¢
T = conshi € ™ wommp Hia = ag bt g3

The dynamic behaviour of the model may be calculated by

means of double integration of the esustions given., It shows

the characteristic cornering gqualities of the tyres during

unbraked run-out with venishing rolling resistance. Phases of

constant rotational resistznee meaopwhile z)terpnate with phases

in which the sliding resistance in the x-direction follows a

éinusoidal pattern. An example is given in Fig, 7. The post-
impact path admittedly does nof form a straight liﬁe, but the
deviation in the y-direction is relatively small.‘

If one can nerslect these y-components of the pathvof_the

cont-e of gravity, a rough back-cnlculation follows in accord-

snece with the following considerations: in one phase & = const

in the other phase the value = const,- sine can be replaced

by a mean value X, = ® §/m, whose coefficient % is the

mean value of an incomplete positive sinus curve and must ther

fore be between 0.7 and 1.0. Through combination of the seg-

ments of motion of similar phase and linearisation over their
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durition, w2 obtain s an apyrroexication the ejusticons
A { 1!1}7 Aa
. L e S W, T e el
g (187573 and X, . A ver g, B !

where

A=72x» 5/m and B”Ki.a/r

The vclocity of the centre of gravitygkoand the angular
velocity Wy directly after impnct can thus be approximatiely
calculated from the estimated =liding deceleration S/ﬁ, from
the pafh of the centre of gravity s whicﬁ has alrealdy been
found and is assumed to be rectilinecar,and from the already-

known rctation of the Longitudinal axis of* the vehicle. _Sinc

the mathematical approximation depends on a linearisation,

appreciable errors develop especially if the beginninegs of the

calculzted process coincides with the bezinning of one of the

two phases indicated.

5.2. Second model casej run-out with locked wheels

In this case it is sssumed that the sliding resistanée
is constant, i.e., independent of the spzed and egual in each
direction of motion, and is thus constantly directed against
the instantaneous velocity "V

i
with the rcad surface. This would harpen with circul=sr conta

or ¥V, at the contact point

patches and treadless tyres.
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ansles in Pig., 8 ore Given by

&
LA 9G“-~n-4-;.';

(nr COS ft— ¥ ron &
~ e I3 on -
“wrsina+ x

Y]”?OOWH'FJ;

bany = mreosa +y

X— el sing

The decelerations then work out at

s ' . s
%o _'QT“"(COST +eosd ¥ = 4 “2'“"”’;(5'”'('—5”15)
- T sin frn + y) — sinfa

The step-by-step integration of these ecugtions for

cyelocity X

the linear.

essentizlly on the ratio

rotational velocity
sliding velocity

n

L

13

Xg

or on the ratio

Advr rotaticnal deflection
) sliding deflection

if

-

investigation of the pattern of motion is quite practicable.
It can be seen from Fig. 9 that under these assumptions the
deviation of the path of the cenire of gravity from the origi

al direction of &liding is only slight and the ,decreese in,

with respect to time devintes only slightly from

The steepness of the velocity drop depends

INirTIiAaL
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frprovimntion oouoticons Ton e ari
caleoulatbicn of vories rxomples Tew e rankesaloydoiion dM
L 4
ol B 1 A k| . - - i Fal — 2 -
<he Torm of the welllnenm stundobllo-nrare cormila (v = 2bs,
namely

) Sr .
Kt = @K .y ond o ;;:1- {An}

-h
The coefficients @, and Qg wWeTe dctarnmined fror the forward-

caleulated exsmples. They vary as a funcilion of the deflect?

rotio A«-rls, rather as shown in Fig. 10.

s -" -,.
-

5.%, Purther model cnses

-

npoprward caleculntion" is also feasible for other model

cases; the following assumptions can be made in the first pls

Yodel case 3, rolling, braked, run-out. The two-whneeled sym-

metrical model can still be used in this case; in addition 1«
the conztant transverse resistance S, as in licdel 1, 2 simil:
1y constant rolling resistance R is introduced.

Model Case 4, unbrared run-out with a defective tyre. The

caleoulation is based on a four-wheeled model; the resistonce
at three wheels is assumed to be as in Model 1, at the fourt!

defective tyre as in llodel 2.

T+ has not so far proved possible, however, to derive
simple rules for the backward calculation from the working O

of corresponding examples, Even the approximztion eguaticns

B d R e MmN i e AT e L 7 T = e e
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model cas:s 1 and 2 are reproduced with scme reservaticonc
their unrestrictel use ¢in only be adveocatesd when the assump-
tions made cun be cenfirped by compurisen with zetual aceidm

c¢f which the courze is accurately knowm, or Ierazps by medel

5.4, Wheel tracks durines run-out

If _tracis are broguced on the roaduay immediztely after -

1mgact, the ratio of V' and &' can readily be derived from

T

kinematic rela ticnships, As is shown in Fig, 11, the instant-

aneous pole P of motion directly after impzet 4is given by the

normals to the start of the track. One thus obtains also the

dgrection of the velocity of the centre of “gravity Vs at this

mement; it stands perpendicular to the radius vector rs from

the pole to the centre of gra&ity. Since the angular velocity
&%:about the pole is ejual to-the angular velocity W' atout

the centre of gravity, we obtain.
V= aj;’"# fo'

and for an approximately straight path of the centre of gravity

with Vs = Xy We obtaln, in accordance with Fig. 10, the
ratio
o —rwo T w, r )
T e e e !
i Ko Vs o
i S '

In this case it is tacitly assumed that the tyres behave
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"isotropic:lly" 5 in Uod:sl 2.

The residunl onergy inmsdiately after impact is

{r + iew?

ro]g

E — _rg_” (qu N i? (u") =

Hence w2 have

Y
® w_ mird + B .

Calculation of the residuzal energy is esssntial in this case

also for the determination of the velocity.

If a2 "meshed" collision or.a head-on collision has in-
disputably taken placez, the direction of the velocity u at
the point of impact can élso be determined to 2 good approxin-
atvion for the tracks in Fig. 11 and used for the construetion

of the velocity diagram (see Section 3.2.2 and 6 ).

6. Deformation and Deformaticn Work

The basic expression for the energy balance of the

collision, if the predominantly elastically stored energy

components are omitted, is
E Evo tExpx=Ey+ Ey + By + En i

where the impact energy without rotation is

R
;‘ 19 : 25 2 ‘

and the values for residual energy immediately after impact
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are esunl to thz velues for resizinance

deseribed until recst,

2

My vy Jl " .

Br= Tl 4 S = YWy
my v, I my? .

By = Tk S = S W

enirIy Ewson the ;o)

If the resistance energies are determinable, the total

permrnent deformation work (EfifEﬂgresults from the difference

betwveen the total impact energy snd the sum of all the resist-

ence works during run-out, apart from damping losses. No

prediction regarding the distribution of deformation between

-

the vehicles involved is,however, possible by this method.

For this purpose, additional assumptions were necessary even

in the considerations presented in Section 3.2.1.

\

I+ would be desirable if the defcrmation energies on eact

vehicle could be determined scparately, perhaps from the perm-

anent deformations which had arisen.

There has'ﬁéen no lack

of attempts to develop solutions of this nzture, but they hzve

not so far achieved conspicuous success., The most publicised

advance in this direction [9}

has in fact showun itself

to be decidedly erroneous. Reliable values for the connectio:

between deformation and deformation energy are only availaﬁle

_in print for the American measurements previously menvioned
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(érash tos3ts); these mensurements are confinel to a specific
class of vehicle 2ni to hecd-on collisions tetween 2 moving o
ancther moving or siaticrary vehicle,

The evalunticn of the meusured patterr.s of decelerations
only affords a broad abproximation for the functicnal connect-
ion betwe:sn force P and deformation deflection Xx. 1In many
cases the imp ct force acting on the muss centre of gravity
can be regrrded as h:ving a constant mean value [ldL Often t
linear relationship P = ¢x, which corresponds to Hocke's law,

L}

can be usced as an approximation for the compressionﬁﬂ.Thus the

.

spring constant c results for the crash tests in the order of

magnitude 700>¢ ) 300 kg./cm. These figures cannot hoviever be
generalised, since they are dependent on the design of the

vehicles, on the size and position of the impact surfoces, e.g

head-on crash as opposed to side impact against a tree, and on

the elastic and frictional conditions at the point of impact.

*







